The one-dimensional t-J model is investigated by the variational Monte Carlo method. A variational wave function based on the Bethe ansatz solution is newly proposed, where the spin-charge separation is realized, and a longrange correlation factor of Jastrow-type is included. In most regions of the phase diagram, this wave function provides an excellent description of the ground-state properties characterized as a Tomonaga-Luttinger liquid; Both of the amplitude and exponent of correlation functions are correctly reproduced. For the spin-gap phase, another trial state of correlated singlet pairs with a Jastrow factor is introduced. This wave function shows generalized Luther-Emery liquid behavior, exhibiting enhanced superconducting correlations and exponential decay of the spin correlation function. Using these two variational wave functions, the whole phase diagram is determined. In addition, relations between the correlation exponent and variational parameters 1 in the trial functions are derived.
The anomalous properties found in high-T c superconducting copper oxides [1] have led to a renewal of interest in strongly correlated electron systems in low dimensions. Among various candidates, the t-J model has attracted considerable attention as a model to describe the cuprate superconductors. [2, 3] For the one-dimensional (1D) t-J model, much progress has been achieved using analytical and numerical techniques. [4] It has been found [5] [6] [7] that the three main regions can be distinguished in the phase diagram defined by the electron density and the ratio of spin exchange interaction to hopping amplitude, J/t. First, a Tomonaga-Luttinger liquid [8, 9] (TLL) holds for small J/t, which is characterized by power-law decay of correlation functions. It has been clarified that the separation of spin and charge degrees of freedom is playing an essential role in this region. [10] Second, phase separation takes place for large J/t, where the system is separated into electron-rich and hole-rich phases. Third, there is a region with a gap in the spin excitation spectrum for J/t > 2 and at small electron densities.
On the other hand, in the 2D t-J model, although some aspects are obtained so far, [11] many problems are left unresolved. Particularly, the crucial question is whether the features realized in 1D system, like the charge-spin separation and/or TLL, take place also in 2D system or not. [12] To obtain an unified and consistent understanding of the 2D t-J model, further progress of research is needed.
The variational Monte Carlo (VMC) method is one of the most powerful and transparent approaches to investigate strongly correlated electron systems. [13] It provides a deeper insight because of its explicit form of the wave function. It is very important to construct a better trial function in the framework of the VMC technique. One way to obtain further insight into the wave function in the 2D t-J model is to extend the wave function realized in 1D system. For this purpose, examining trial wave functions for 1D system in detail gives us useful references in the pursuit of the 2D t-J model. We shall study variational wave functions in the 1D t-J model, keeping a possibility of extending to the 2D system in mind.
So far, various kinds of variational functions have been proposed for strongly correlated electron systems. [14] [15] [16] [17] [18] [19] The Gutzwiller wave function [20] has been extensively studied for its simplicity, and shown to be a good trial function for the supersymmetric (J/t = 2) 1D t-J model. [17] This wave function was improved for other values of J/t by introducing a conventional Jastrow-correlation factor, but the expected TLL behavior was not recovered. [17, 19] Recently, Hellberg and Mele have introduced a simple trial wave function of Jastrowtype. [18] It takes into account an effect of long-range correlations, and shows successfully the anomalous power-law behavior in correlation functions. This wave function has been extended to the 2D t-J model to discuss the TLL instability. [21] However, the properties of the exact ground-state are not wholly reproduced by this wave function, especially in the small J/t region. [19] In this paper we introduce another type of variational wave functions. Two kinds of trial functions are newly introduced. First, we consider a variational wave function based on the Bethe ansatz solution. In the limit of J/t → 0, the charge and spin degrees of freedom are completely separated, and the ground-state wave function obtained from the Bethe ansatz can be written as a product of the two contributions. [10] For finite values of J/t, although the charge and spin are separated, they interact strongly. To take into account this effect, we introduce a Jastrow-type correlation factor into the Bethe ansatz solution for J/t → 0.
It is shown that this wave function has an advantage of providing an excellent description of the ground-state properties in most regions of the phase diagram; Both of the magnitude and exponent of correlation functions are correctly reproduced, and a quantitative discussion can be made.
Next, we consider a trial function for small electron densities. For the spin-gap phase, Chen and Lee have proposed a variational function of a gas of noninteracting bound singlet pairs. [6] This wave function corresponds to a Luther-Emery state [22, 8] with infinite correlation exponent. More accurate trial function can be generated by correlating the singlet pairs with a Jastrow factor. This is just our trial wave function for the spin-gap phase introduced in this paper. This wave function shows generalized Luther-Emery liquid be-havior, exhibiting enhanced superconducting correlations and exponential decay of the spin correlation function.
Comparing energies of the trial function based on the Bethe ansatz solution and the generalized Luther-Emery state, the entire phase diagram is determined. Evaluating the correlation exponents by a finite size scaling analysis, the relations between the correlation exponent and variational parameters in these trial functions are derived. This paper is organized as follows. In the next section our trial functions are introduced.
Section III provides the results of physical quantities by the VMC calculations. Energies and various correlation functions are compared with the exact calculations in Sec. III A.
In Sec. III B, the correlation exponents are evaluated from the finite size scaling to discuss the long-range behavior of correlation functions. The phase diagram of the 1D t-J model determined by our wave functions is shown in Sec. III C. Section VI is devoted to a summary and discussions on related problems.
II. TRIAL WAVE FUNCTION
The t-J model is defined by the Hamiltonian,
iσ being the creation operator for an electron with spin projection σ at lattice site i, and
iσ creates an electron only on an empty site, avoiding double occupancy. The spin operator associated with site i is defined as For highly correlated electron systems, Gutzwiller-Jastrow-type wave functions with twobody correlation factor are fairly common. [14] [15] [16] [17] [18] [19] The Gutzwiller wave function, [20] which is a prototype of the trial function of this type, is often used as a starting trial function for its simplicity. It is defined as
where φ F is a simple Fermi sea and P d is the operator projecting out the double occupancy.
This wave function is essentially a Fermi-liquid state, having a discontinuity in momentum distribution at k = k F . Thus, the expected TLL behavior was not recovered. [17] Hellberg and Mele have introduced a variational state with a long-range correlation: [18] |ψ HM =
where r ij = |r i − r j | is the distance between the i-th and j-th sites, and N s the number of sites. When ν = 0, ψ HM reduces to ψ G . It has been shown that ψ HM exhibits the characteristic behavior of TLL. [18] However, the correlation exponent estimated with this wave function does not coincide with the exact value for small J/t. [19] This disagreement becomes apparent when the global features of various correlation functions are compared with the exact ones. [19] An important feature of the TLL is the separation of spin and charge degrees of freedom in the low-energy excitations. In the limit of J/t → 0, Ogata and Shiba have shown that the ground-state wave function obtained from the Bethe ansatz has a simple form due to the complete decoupling of charge and spin degrees of freedom. [10] It can be written as a product of a Slater determinant of spinless fermions describing the charge degrees of freedom and the spin wave function of the squeezed Heisenberg model in which all empty sites are omitted. The ground-state wave function in the limit of J/t → 0 is expressed as
where antiferromagnetic Heisenberg model.
For finite values of J/t, the charge and spin degrees of freedom are no longer completely separated, and the charge-spin coupling occurs. Thus we introduce a Jastrow-type correlation factor in our trial wave function to mix the charge and spin degrees of freedom. We shall study the following variational state for the 1D t-J model:
where the amplitude of |X =
|0 is given by Eq. (6), ensuring the absence of double occupancy. The long-range correlation factor of Jastrow-type in Eq. (7) is defined as
and the form of function η is assumed to be
where d ij is given by Eq. (4). The Jastrow factor F J modulates the Bethe ansatz wave function by the distance between all pairs of particles. Positive value of ν 1 (ν 2 ) induces a repulsive correlation between particles with the same spins (opposite spins), while the negative values provide an attractive correlation. When ν 1 = ν 2 , F J reduces to the correlation factor studied by Hellberg and Mele.
The wave function of the spin part in Eq. (7) is approximated as a trial function of Jastrow-Marshall-type, [23] Y (y 1 , . . . , y M ) = (−1)
where As a result, we have three variational parameters in our trial state (7), i.e., ν 1 , ν 2 , and ν s . In most regions of the phase diagram, this wave function ψ BA successfully reproduces the exact ground state of the 1D t-J model as shown in Sec. III.
However, a Luther-Emery liquid behavior, exhibiting a gap in the spin excitation spectrum and enhanced superconducting correlations, is found for J > 2t and at small densities. [6, 7] The true ground state for this region lies out of the variational subspace spanned by ψ BA . To represent the spin-gap phase better, we introduce another trial state as follows.
where
is a singlet pair in a given configuration {i n j n }, and P d projects out the double occupancy. In Eq. (11), h r ij −1 controls a weight for a singlet bond as a function of its length. The function η in the Jastrow factor is taken to be η(r ij ; σσ
F J is assumed to be spin-independent. Two variational parameters, λ and h, are contained in the trial function ψ RVB . This is a natural generalization of the wave function of a gas of noninteracting bound singlet pairs proposed by Chen and Lee, [6] which corresponds to a Luther-Emery state with infinite correlation exponent. Correlating the singlet pairs with the Jastrow factor F J , ψ RVB can be expected to exhibit generalized Luther-Emery behavior.
It is also a particular form of the resonating valence bond (RVB) state. In fact, ψ RVB can be rewritten as
which explicitly shows a singlet liquid picture of the RVB state. [2] III. SIMULATION AND RESULTS
In this section, we present the results of the VMC calculations for various values of J/t
and n e = N e /N s with N e and N s being the number of electrons and sites, respectively, and make comparisons with those of exact calculations and other trial functions. We consider the 1D t-J model with up to 300 sites under the periodic boundary condition with N e /2 = odd.
Variational parameters in Eqs. (7) and (11) are optimized using a conjugate-gradient method combined with the fixed sampling in the VMC calculations. Technical details of the optimization procedure were described in Ref. [25] , and some practical improvements are made to achieve the convergence rapid enough to handle multiparameter optimization: a quasi-Newton algorithm is employed instead of Powell's optimization algorithm in Ref. [25] , and the gradient is evaluated by the numerical differentiation. Once the fully optimized wave function is obtained, we use it in evaluating the physical quantities with another VMC run in order to examine the properties of the 1D t-J model in detail. Calculated quantities are the total energy per site, the momentum distribution function,
and the equal-time correlation functions, where · · · indicates the expectation value for a given trial function. The spin-and charge-correlation functions in Fourier-transformed form are defined as
respectively. The singlet pairing correlation function is defined as
where ∆ i is the annihilation operator of a nearest neighboring electron singlet pair,
We collect typically 30,000 samples to take averages of the energy for the optimization of variational parameters, and 100,000 -200,000 samples for the evaluations of the expectation values of observables.
A. Quarter-filled case
First we compare the properties of ψ BA with those of ψ HM for the quarter-filled case:
. At this electron density, the spin-gap state is absent. In addition, when J/t → 0, the exact results of correlation functions have been obtained [10, 17, 26] for fairly large N s , with which we can compare the VMC results.
The result of the optimization of variational parameters in ψ BA is shown in Fig. 1 for n e = 1/2 as a typical case. The data in the region J/t ≤ 3.3 are fitted to polynomials of degree m, where m = 2 for ν 2 and ν s , and m = 3 for ν 1 , respectively. For J/t → 0, the minimum energy is realized for ν 1 = ν 2 = 0 and ν s ≈ 2. In the case of finite J/t, the optimal variational parameters show the coupling of charge and spin degrees of freedom as expected,
i.e., ν 1 = 0 and/or ν 2 = 0. ν 2 and ν s decrease with J/t while the dependence of ν 1 on J/t is week for J/t ≤ 2. Near J/t = 2, ν s intersects the zero line, and ν 2 becomes −1. For larger J/t, the attractive correlation between electrons with opposite spins is prominent.
For J/t > 3.3, the variational state separates into the electron rich and poor phases. The variational parameters abruptly change their behavior at the phase separation boundary as shown in Fig. 1 . The data in the phase separated region are fitted to other polynomials.
For other values of n e , the optimal values of variational parameters show similar behaviors except for curvatures. Notice that the trial state with optimal variational parameters is singlet although the Jastrow factor F J is spin-dependent; The VMC evaluation of the physical quantities shows that the total spin is zero, and the spin correlation function is isotropic (S xx (k) = S yy (k) = S zz (k)), as far as the optimized ψ BA is employed. [27] Next we discuss the variational energies. It has been shown that the ground-state energy converges smoothly to the thermodynamic limit. [17, 19] Following Yokoyama and Ogata, [17, 19] we estimate the variational energy per site in the limit N s → ∞ from the finite size scaling. We calculate the variational energies of 12-, 20-, 36-, 60-, and 100-site systems for n e = 0.5 using the optimized ψ BA and ψ HM , and then fit the results to the formula
The fitted values of E ∞ (ψ BA ) and E ∞ (ψ HM ) are listed in Table I for several values of J/t. Using ψ BA , the ground-state energy per site in the limit N s → ∞ is obtained to be E ∞ = −2t/π for J/t → 0, equivalent to the exact energy. The reason for the coincidence is that the energy is determined only by the charge degree of freedom in the limit J/t → 0, whose treatment is rigorous in ψ BA . In fact, the variance (H − E(ψ BA )) 2 in VMC sweeps vanishes at any n e . For all the range of J/t, E ∞ (ψ BA ) is quite close to the exact energy, as shown in Table I . Especially in the small J/t region, the advantage of ψ BA over ψ HM is obvious. The difference in energy between ψ HM and the exact one is largest for J/t = 0, while the error of ψ BA gradually increases with J/t except for J/t = 2.
For J/t = 2, both of E ∞ (ψ BA ) and E ∞ (ψ HM ) are extremely close to the exact energy obtained by the Bethe ansatz. In this connection, Yokoyama and Ogata have shown that the Gutzwiller function ψ G is a good trial function for J/t = 2 and all range of n e . [17] In fact, the analytical calculation of the energy using the Gutzwiller wave function shows [30, 17] which is close to the exact one. Moreover, Kuramoto and Yokoyama [31] have found that ψ G is the exact ground state of the t-J model with longrange interactions and hoppings satisfying J ij = 2t ij ∝ r −2 ij . In the supersymmetric case, the ground state behaves as almost a free-electron state [19] except for the exclusion of double occupancy because of the cancellation of hopping and interacting processes, both of which have the same weight t = J/2. Therefore, it is natural to expect that variational energies converge to the same value if a trial function can recover the "free-electron" nature for J/t = 2. The above three variational wave functions have this property correctly although the long-range behavior of correlation functions is different.
In are also shown in Fig. 2 with solid lines. [10, 17, 26] In the TLL, the momentum distribution function exhibits power-law singularities at k F and 3k F although the latter is very weak.
Qualitatively, both of ψ BA and ψ HM reproduce the anomalous power-law behavior inherent in TLL as shown in Fig. 2 (a) . However, n(k) by ψ HM departs appreciably from that by the Bethe ansatz while n(k) by ψ BA almost coincides with the exact one. For the correlation functions, there are also the apparent differences between ψ HM and the exact result while In Fig. 3 , we show the VMC results of the momentum distribution function and the correlation functions for finite J/t and n e = remarkable that P (k) at k = 0 is strongly enhanced due to the increased effective attraction between neighboring electrons with opposite spins as shown in Fig. 3 (d) . One can also see the enhancement of P (k) near k = π as J/t increases. The singularity of P (2k F ) becomes sharp when J/t = 2.
The correlation functions by ψ BA shown in Fig. 3 agree well with the result of the Quantum Monte Carlo calculation [32] or of the exact diagonalization in smaller lattices.
[17,19,26]
B. Correlation exponent
Let us now examine the correlation exponents to discuss the long-range behavior of correlation functions. In the TLL regime, both the charge and spin excitations are gapless and the correlation functions show power-law decay. Following the TLL theory, the leading singularities of the distribution function and correlation functions can be written as follows.
Logarithmic corrections have been omitted in these formulae. As far as the interaction is isotropic in spin space, the critical exponents are described by a dimensionless TLL parameter K ρ as follows. [4, 8] 
The correlation exponent K ρ can now be rather easily calculated from our VMC result of P (k) than n(k), C(k), or S(k) since the singularities of these quantities become much weaker than that of P (k) in some cases. Following Assaad and Würtz, [32] we use the following procedure to obtain the exponent of P (k). Let us assume a behavior
where k 1 = 2π/N s , and µ and a are the fitting parameters. Fitting the data for various lattice sizes to Eq. (26), the exponent of P (k) can be evaluated by finite size scaling. Once µ is obtained, K ρ is given by Eq. (25) .
As an example, we plot the fitting result of P (k) for n e = 
Therefore, the optimal value of ν can be used to determine K ρ for ψ HM . The results for ψ HM in Table II Table II: for J/t = 0 and 2, K ρ has been exactly determined from the bosonization theory [34] or the conformal field theory, [35, 36] with K ρ = 0.5 and 0.85, respectively, and the exact diagonalization on a 16-site ring has shown [5] that K ρ ≈ 0.62 and 2.2 for J/t = 1 and 3, respectively.
The results of ψ HM and ψ BA are consistent with the expected values; At J/t = 3, K ρ becomes larger than 1 and thus the superconducting correlations correspondingly dominate the long-range behavior while for smaller value of J/t, K ρ < 1. However, the quantitative coincidence is not so good for ψ HM , while the exponents evaluated from ψ BA are surprisingly close to the expected values. Therefore, one could conclude that our variational wave function ψ BA can quantitatively reproduce not only the amplitude of correlation functions, but also the correlation exponent. The last column in Table II shows the value of (ν 1 + ν 2 + 2)
evaluated from the optimized variational parameters in ψ BA . It seems that K ρ agrees with (ν 1 + ν 2 + 2) −1 . This point will be discussed in the next subsection.
C. Phase diagram
The phase diagram of the 1D t-J model obtained by ψ BA and ψ RVB is shown in The phase diagram determined by the present method is consistent with the result of the exact diagonalization on a 16-site ring. [5] It is correctly recovered that K ρ = 1/2 at any electron density in the limit J/t → 0. [34, 35] When we compare the spin-gap region with the result of the wave function of noninteracting singlet pairs by Chen and Lee, [6] the correlation effect of the Jastrow factor introduced in ψ RVB seems to play no essential role since these two trial functions give almost the same result; The correlation effect only slightly pushes the spin-gap region to larger values of n e . This is because the balance of energy hardly changes, i.e., the magnitude of correlation energy induced by the Jastrow factor in ψ RVB is less than 2%, which is comparable to the energy lowering of ψ BA compared to ψ HM . However, there is a significant difference in the long-range behavior of correlation functions. The wave function by Chen and Lee gives K ρ = ∞ while K ρ is finite for our ψ RVB as seen below. Finally, we plot the exponents of the singlet pairing correlation function for n e = 0.2 as a function of J/t in Fig. 7 , where µ − 1 is evaluated from fitting P (k) to Eq. (26) for lattice sizes ranging from N s = 30 to 150. In the region 2.8 ≤ J/t ≤ 3.2, the variational energy of ψ RVB is lower than that of ψ BA . Correspondingly, squares and circles in Fig. 7 are evaluated with ψ BA and ψ RVB , respectively. In addition, ν 1 + ν 2 + 2 for ψ BA and 2λ − 1 for ψ RVB are shown in Fig. 7 with solid lines, where ν 1 , ν 2 , and λ are optimized variational parameters.
It seems that the fits of ν 1 + ν 2 + 2 and 2λ − 1 to the exponents of P (k) are good. The exponents of the correlation functions in the Luther-Emery liquid that decay with power laws can be also described by a single parameter K ρ like TLL, [8] and it holds that
Using Eqs. (25) and (28), one can conclude from Fig. 7 that K ρ relates to the variational parameters in ψ BA and ψ RVB as
and
respectively. The critical exponent K ρ evaluated from P (k) for n e = 0.2 is tabulated in Table III together with the predicted values by Eqs. (29) and (30), and they agree very well. For other values of n e , K ρ also agrees with (ν 1 + ν 2 + 2) −1 or (2λ) −1 . The example for n e = 0.5 is shown in Table II . K ρ shown in Fig. 5 is evaluated from Eq. (29).
The relations (29) and (30) are confirmed by the following facts. (i) In the limit n e → 1,
we have ν 1 = ν 2 = 0 and ν s ≈ 2, i.e., ψ BA = Y for the Heisenberg chain since X becomes only a constant. This is in accordance with K ρ → 1/2 as n e → 1. [5] (ii) It is correctly recovered that K ρ → 1/2 at any electron density in the limit J/t → 0, [34, 35] where we
The magnitude of the discontinuous jump in µ − 1 at J/t ∼ 2.8
is (ν 1 + ν 2 + 2) − (2λ − 1) ≈ 1 as seen in Fig. 7 . This is consistent with the crossover from the TLL to the Luther-Emery liquid behavior described by Eqs. (29) and (30) . (iv) ν 1 + ν 2 + 2 ≈ 0 on the phase separation boundary in Fig. 5 , which leads to K ρ = ∞. This corresponds to the divergence of C(k 1 ).
IV. SUMMARY AND DISCUSSION
In this paper, we have carried out the VMC calculation for the 1D t-J model. Eq. (7) has been approximated as a trial function of Jastrow-Marshall-type for its simplicity.
It is known, however, a liquid state is realized in the 1D antiferromagnetic Heisenberg model.
When a RVB-type trial state is used as the spin part in Eq. (7) instead of Jastrow-Marshalltype, further improvement may be expected. Actually, Ogata [37] has examined a trial function composed of a spin trial state of RVB-type and spinless fermions for J/t = 0. It is interesting to correlate this trial function with a Jastrow factor, applying to all range of
An application of present method with some modifications to magnetic properties such as spin susceptibility and magnetization curve is also interesting in order to elucidate the metal-insulator transition in the 1D t-J model. In fact, it was shown that Jastrow wave functions reproduce charge and spin susceptibilities and magnetization curve correctly, in contrast with the Gutzwiller approximation. [19] An important question is whether the properties of strongly correlated electrons realized in 1D system can be extended to higher dimensions because of their close connection to high-T c superconductors. [12] In 2D system, it is not established even for the metallic regime whether the ground state is the Fermi liquid or TLL. In these contexts, an extension of the present method to 2D systems together with reexamination of the appropriate Hamiltonian is under consideration.
Quite recently, we have found that a part of our result for the variational wave function of correlated singlet pairs has been obtained independently by Chen and Lee. [38] 
